In this paper, we introduce modular polynomials for the congruence subgroup Γ0(M ) when X0(M ) has genus zero and therefore the polynomials are defined by a Hauptmodul of X0(M ). We show that the intersection number of two curves defined by two modular polynomials can be expressed as the sum of the numbers of SL2(Z)-equivalence classes of positive definite binary quadratic forms over Z. We also show that the intersection numbers can be also combinatorially written by Fourier coefficients of the Siegel Eisenstein series of degree 2, weight 2 with respect to Sp 2 (Z).
Introduction
For N ∈ Z >0 , we consider the following function:
where E, E ′ are elliptic curves over C and [f, E In [Hur85] (see also Proposition 2.4 of [GK93] ), Hurwitz computed the intersection numbers of two affine algebraic curves T N1 and T N2 , which is defined by (T N1 , T N2 ) := dim C C[X, Y ]/(Φ N1 , Φ N2 ) in this case. with multiplicity 1/2 and 1/3 respectively. A detailed proof will be found in [GK93] or [Vog07] with the result in [Gör07] . Another proof will be found in [Lin09] by calculating intersection multiplicities at cusps and intersection number of T N1 and T N2 as cycles on P 1 × P 1 . In [GK93] , they also computed the arithmetic intersection numbers of three cycles T N1 , T N2 and T N3 on the 3-dimensional scheme Spec Z[X, Y ].
The curve T N can be considered as an algebraic cycle in the ambient space Y (1)×Y (1) = C×C and the intersection of two cycles is taking in Y (1)×Y (1) = C × C. It seems interesting to study the intersection of a similar cycles in more general ambient space.
In this paper, we replace Y (1) with any Y 0 (M ) whose compactification has genus zero and study an analogue of T N defined in Y 0 (M ) × Y 0 (M ). In this situation, we obtain a Hauptmodul t of Y 0 (M ), which generates the field of meromorphic function on a canonical compactification of Y 0 (M ). Let us consider the following function for Y 0 (M ) defined by
where (E, C) is an elliptic curve with level structure for Γ 0 (M ), that is, C is a cyclic subgroup of E of order M , and [f, E ′ such that f (C ′ 1 ) = C ′ . Two objects (f 1 , E 1 , C 1 ) ∼ = (f 2 , E 2 , C 2 ) are equivalent if and only if there exists an isogeny g : E 1 → E 2 such that f 1 = f 2 • g and g(C 1 ) = C 2 .
In the definition of Φ
Γ0(M) N
, we choose t so that it has a simple pole at ∞ with residue 1 and is holomorphic on X 0 (M )\{∞} and whose Fourier expansion with respect to q := e 2π √ −1τ has integral coefficients. We give this t explicitly in section 2. It will turn out that the function Φ 
In the case when two affine algebraic curves T
Γ0(M) N1
and T
Γ0(M) N2
at (
, Φ
).
The intersection number of T
Γ0(M) N1
The main result in this paper is the following theorem. 
, and Γ 0 (M ) Q is the stabilizer subgroup of Γ 0 (M ) with respect to Q.
For the case when M = p is a prime, then this intersection number is equal to
where
and χ D is the quadratic character associated to the imaginary quadratic field
The computation will be carried out with a similar manner as in [GK93] , [Vog07] and [Gör07] . However the situation becomes more complicated than their case because of the level structure and thereby we need a careful analysis. To handle it we will bypass to several modular curves naturally arose from the level structures which will be discussed in Section 2. Then the various sets and invariants will show up in Section 2, 3. Combining all with some class numbers defined by a motivation coming from [HZ76] we will reach to the desired formula.
Next we explain a relation between the intersection numbers and Fourier coefficients of Siegel Eienstein series which would be related to Kudla's problem [Kud97] for the orthogonal group SO(3, 2) ∼ Sp 2 (Z) though he studied the intersections on compact Shimura varieties. Henceforth we follow the notation in [Nag92] .
Let 
where Sym 2 (Z) stands for the set of all symmetric half-integral 2 by 2 matrices over Z so that the diagonal entries are defined over Z while the anti-diagonal entries are defined over 1 2 Z. We denote by Sym 2 (Z) >0 the subset of Sym 2 (Z) consisting of all positive definite matrices. For any T ∈ Sym 2 (Z) >0 it is shown that T -th Fourier coefficient C(T, Y ) is independent of Y and therefore we may set C(T ) := C(T, Y ). We also denote by χ T the quadratic character associated to the imaginary quadratic field Q( − det(2T )) for T ∈ Sym 2 (Z) >0 . Then our next main result is as follows. 
where diag(T ) stands for the diagonal part of T .
This theorem explains our intersection numbers can be combinatorially written by Fourier coefficients of Eisenstein series of "level one". However it seems natural to expect a direct relation of them with Fourier coefficients of a single Siegel modular form with a non-trivial level. In fact, according to Kudla's problem, if we can extend the results in [Kud97] in case of SO(3, 2) to the non-compact quotient case, it is plausible to believe the existence of the Siegel Eisenstein series of degree 2, weight 2 with a non-trivial level whose Fourier coefficients are directly related to the intersection number in the above theorem. This will be discussed somewhere else.
We will organize this paper as follows: In Section 2, we study the basic properties of modular polynomials for modular curves of genus zero including other curves as X 1 (M ), X(M ). In Section 3, we study Γ 0 (M )-equivalence classes of primitive positive definite binary quadratic forms over Z. In Section 4, we calculate the intersection multiplicity of T
Γ0(M) N1
Γ0(M) N2
when N 1 N 2 is a non-square and (M, N 1 N 2 ) = 1 and prove Theorem 1.2 and Theorem 1.3.
Modular polynomials
In this Section, we introduce modular polynomials for some congruence subgroups in SL 2 (Z) and study basic properties of them. First of all, we define other modular polynomials.
Let M 2 (Z) be the set of square matrices of size 2 and SL 2 (Z) be the special linear group. We set congruence subgroups in SL 2 (Z) by
These congruence subgroups yield the following modular curves obtained by quoting the complex upper half plane H = {z = x + √ −1y ∈ C| y > 0} by them as: 
where (E, C), (E ′ , C ′ ) are elliptic curves with level structure for Γ 0 (M ),
2 ) if and only if there exists an isogeny g :
where (E, Q), (E ′ , Q ′ ) are elliptic curves with level structure for Γ 1 (M ), that is, Q and Q ′ are points of order M in E and E ′ respectively. We also define
In the case when Y = Y (M ), we define
where (E, P, Q), (E ′ , P ′ , Q ′ ) are elliptic curves with level structure for Γ(M ), that is, P, Q is points of order M in E such that e M (P, Q) = e 2π √ −1/M where e M is the Weil pairing. The points P ′ and Q ′ satisfy a similar condition. We also define
if and only if there exists an isogeny
where E, E ′ are elliptic curves and [f,
is irreducible over C(j) and the vanishing set of Ψ N (X, Y ) is the image of the composition of the following two maps
where [E, C] is the equivalence class of the elliptic curve with level structure for Γ 0 (N ). A proof will be found in [Vog07] .
To factorize Φ
into irreducible components, we define
Accordingly, we also define
where (E, C), (E, Q), (E, P, Q) are elliptic curves with level structure for Γ 0 (M ), Γ 1 (M ), Γ(M ) respectively. We define
Elliptic curves with level structure for Γ
′ of elliptic curves induces group isomorphism C ∼ = C ′ and maps Q to Q ′ . We also define isomorphisms of elliptic curves with level structure for Γ 
Let us start with the following Lemma which would be almost obvious.
Lemma 2.1. The following maps are bijective:
By Lemma 2.1, the vanishing sets of Ψ
2 coincide with the images of the following maps
We give two lemmata in order to calculate the group indeces
Let g := (a, b). By Chinese remainder theorem, there exists t ∈ Z such that
Since (n, lM ) = 1, there exist k, m ∈ Z such that kn − mlM = 1. Then
Proposition 2.4. For M, N ∈ Z, it holds that
where the product is taken over all prime divisors of
There is a bijection
(1 + p −1 ).
Lemma 2.5. (i) Let (E, C) be an elliptic curve with level structure for Γ 0 (M ). Then, there is the canonical bijection between the following sets:
Same bijection induces the bijection between the following sets:
Let (E, Q) be an elliptic curve with level structure for Γ 1 (M ). Then, there is the canonical bijection between the following sets:
Let (E, P, Q) be an elliptic curve with level structure for Γ(M ). Then, there is the canonical bijection between the following sets:
Proof. For (i), we may write (E, C) = (E τ ,
There is a bijection between
by sending the equivalence class of A = a b c d to the equivalence class of a pair of an elliptic curve E A(τ ) and an isogeny f :
Since C 1 is a cyclic group of order M , (m, n, M ) = 1. By Lemma 2.2, we can assume that (m, n) = 1. Then, we obtain a matrix γ = k l m n for some integers k, l. The
The image of
Since this has to be 1 M + Λ τ ), we see c ≡ 0 mod M, (d, M ) = 1. Thus we obtain a matrix
Suppose that the other matrix
Then there exists a matrix γ = k l m n such that
The second condition implies m ≡ 0 mod M . Thus γ ∈ Γ 0 (M ). Therefore we obtain the bijection between I Γ0(M) N (E, Q) isog and I
Γ0(M)
N,mat . This bijection induces a bijection between P Γ0(M) N (E, Q) isog and P
N,mat since cyclic isogenies correspond to primitive matrices.
For (ii), we obtain the results by the same arguments for (i). For (iii), We may write (E, P, Q) = (E τ ,
) by the same arguments for (i). Since P 1 and Q 1 are sent to P and Q respectively, A ≡ 1 0 0 1 mod M . Therefore we obtain the results.
Proposition 2.6. (i) For elliptic curves (E, C), (E
(ii) For elliptic curves (E, Q), (E ′ , Q ′ ) with level structure for Γ 1 (M ),
(iii) For elliptic curves (E, P, Q), (E ′ , P ′ , Q ′ ) with level structure for Γ(M ),
Proof. The following map is bijective:
A where e(A) is the content of A, that is the greatest common divisor of components in A. Thus we obtain (i).
We can prove other statements by same arguments. 
N1N2,mat . For a prime p and a positive integer e,
Therefore, for all positive integer N prime to M ,
On the other hand, for an elliptic curve (E, C) with level structure for Γ 0 (M ), the set P
Γ0(M)
N,isog (E, C) can be identified with the inverse image of (E, C) under
Thus #P
Since we assume that (M, N ) = 1, we obtain #P
in the proof of Proposition 2.6 and I
N,mat
, we obtain #I
N,mat = #I
N,mat . To the end of this paper, we consider only for Γ 0 (M ) and assume that X 0 (M ) has genus zero. Thus M satisfies 1 ≤ M ≤ 10 or M = 12, 13, 16, 18 or 25. Also we assume that M = 1 and (M, N ) = 1.
Since X 0 (M ) has genus zero, there exists a meromorphic function t on X 0 (M ) which has a simple pole at ∞ with residue 1 and is holomorphic on X 0 (M ) \ {∞}. We choose a suitable Hauptmodul for Γ 0 (M ) so that modular polynomials have integral coefficients.
In the subsection 3.1 of [Mai09] , it is given explicitly that a meromorphic functiont M on X 0 (M ) with div(t M ) = 0 − ∞ which is holomorphic on X 0 (M ) \ {0}. We set t :=t 
The eta-product expression of t for all M which we treat are listed in Table 1 . We can prove that the modular polynomials defined by this Hauptmoduln t are polynomials with integral coefficients.
The degrees of these polynomials with respect to X or Y satisfy
Proof. By Proposition 2.6, it is enough to show that Ψ
Thus
) for some a r−1 ∈ Z. By repeating this process, we obtain a polynomial 
By Theorem 2.9, we can calculate modular polynomials for small M, N . Let n := (SL 2 (Z) : Γ 0 (M )) and Ψ
, we obtain a ij . We list modular polynomials for small M, N in Table 1 . 
Since the fixed field of the image of ρ is C(X 0 (M )) = C(t), ρ is surjective. By Lemma 2.7, the action of Gal(L/C(t)) on the set of roots of Ψ 
is the minimal polynomial of t N over C(t), 
Quadratic forms
In this Section, we study some classes of primitive positive definite binary quadratic forms over Z in order to prove Theorem 1.2.
For a quadratic form Q on a free Z-module L of rank 2, the associated bilinear form ( , ) on L is defined by (x, y) := Q(x + y) − Q(x) − Q(y).
The determinant of Q is the determinant of the matrix representation of the associated bilinear form. It is denoted det Q or deg L. We set the stabilizer subgroup with respect to Q by equivalent to ex where the left side is the sum with respect to Γ 0 (M )-equivalence classes of
Remark that Hom
) → Z ≥0 which sends an isogeny to its degree. This map is a positive definite quadratic form on the free Z-module Hom
). Thus we can consider det(Hom
Lemma 4.1. Let τ ∈ H be imaginary quadratic and a, b, c ∈ Z.
(ii) For α ∈ C \ Z, the followings are equivalent:
(b) α is an imaginary quadratic integer and
Since the minimal polynomial of lcm(a, M )τ is
On the other hand, and T
Γ0(M) N2
intersect properly, for any (t(τ ), t(τ
do not intersect properly, they contain a common
2 is a square. Conversely, suppose that N 1 N 2 is a square. Let g := (N 1 , N 2 
) is a common component of T
Γ0(M) N1
Γ0(M) N2
.
Suppose that T
Γ0(M) N1
Γ0(M) N2
intersect properly and (t(τ ), t(τ
. Then, there exist isogenies For τ ∈ H, let e τ := (Γ 0 (M ) τ : {±1}) where Γ 0 (M ) τ is the stabilizer of τ for Γ 0 (M ). This number is the ramification degree of t : H → C at τ . , Φ
Since Φ
Γ0(M) Ni
(X, t(τ )) = Ai∈I 4.2 Isogenies between elliptic curves with level structure for Γ 0 (M)
We prepare several lemmata in order to calculate the intersection number of modular polynomials, which is a sum of intersection multiplicities calculated in Lemma 4.3. In this subsection, we fix positive integers N 1 , N 2 prime to M , an integer x such that D := 4N 1 N 2 − x 2 > 0 and τ ∈ H such that d ) be the isogeny defined by multiplying by β. We can write
